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Abstract
We present F-theories that reduce to 10D Type II Green-Schwarz superstrings.
They vary in manifest U-duality according to division between spacetime and “internal”
coordinates. They are defined by selfdual current superalgebras in higher worldvolume
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ranges over the (split form of the) exceptional groups with ranks n = D + 1 ≤ 7 and
the internal symmetry G′ = GL(10−D).
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1 Prologue
Attempts to describe fundamental “membranes” (and higher-dimensional worldvolumes)
date back to the work of Dirac [1]. Such models apparently suffer from spectral difficulties,
such as continuous mass or lack of massless states. A major problem there is the nature
of the worldvolume metric. A useful way to view this might be to compare to strings and
particles. For this purpose we consider Polyakov’s action [2]
LP = λ
mn[(∂mX) · (∂nX)− gmn] + 1α′
√−g, (1.1)
generalized from the string. Variation with respect to λ identifies gmn with the induced
metric, yielding an action proportional to the induced worldvolume:
Lgeo =
1
α′
√
−det[(∂mX) · (∂nX)]. (1.2)
This is the Nambu-Goto action for the string, but for the particle it describes the case with
mass 1/α′. For the membrane, this is the form of the action that is generally assumed by
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analogy to the string; but perhaps the analogy to the particle is more appropriate. Su-
persymmetry won’t necessarily help: Massive superparticles can be derived by dimensional
reduction with central charges; this reduction produces a cosmological term. They have κ
symmetry of the form δθ = (1 + α′p/)κ, similar to that of the supermembrane [3] which may
also lack massless states [4, 5].
The string is exceptional for its Weyl scale invariance. This is seen from the other derived
form of the action: Varying LP with respect to gmn gives
λmn = 1
α′
1
2
√−ggmn. (1.3)
Substitution back into the action (at least classically) yields
LBdV HDZ =
1
α′
1
2
[√−ggmn(∂mX) · (∂nX)− (d− 2)√−g ] (1.4)
for d worldvolume dimensions. This is the Brink-di Vecchia-Howe-Deser-Zumino action [6,7]
for the string, plus a cosmological term for all other cases [8]. (However, Weyl invariant
actions have been considered that are not quadratic in X even with an independent world-
volume metric [9].) The effect of a cosmological term for the closed bosonic string (Liouville
theory) is to produce a “continuous spectrum” (cut) [10] (as for subcritical closed strings
without the term [11]).
In references [12,13] we initiated a study of fundamental branes, the quantization of which
is proposed to define lower-dimensional F-theories beyond their supergravity approximation.
Since our F-theories should reduce to standard Green-Schwarz superstrings upon solving
dimensional reduction and section conditions, we expect our formalism to avoid the problems
described above. At this point we know several advantages over conventional approaches to
fundamental superbranes: (1) Reduction to the string is imposed by the formalism, not
found as a limit. Thus it contains the same degrees of freedom as the usual strings, only
more 0-modes, such as winding modes, are evident. (2) More U duality can be manifested.
(3) Perhaps most importantly, it has worldvolume conformal invariance (at least for the
selfdual differential forms X) which would seem to preclude the appearance of worldvolume
cosmological terms.
In the next section we give an introduction to the method by considering the F-theories
of bosonic strings in D=1 and 2 spacetime dimensions. All our F-theories are based on the
principle that all the bosonic worldvolume fields should be selfdual (in the sense of T-duality),
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perhaps by including their duals. This is followed by a qualitative definition of the general
method and its purpose, including supersymmetry and the completion of all F-theories to
10D superstrings by including “internal” dimensions (scalar worldvolume fields) Y and their
“duals” Y˜ . After a brief section on notation, we give the general type of current superalgebras
on which the Hamiltonian version of the formalism is based. These superalgebras are a
generalization of one handedness of the Green-Schwarz superstring to selfdual supercurrents
in higher worldvolume dimensions. The bosons are then separated into X, Y, Y˜ . We give a
derivation of constraints in section 7. We then get into the details of the different dimensions,
specified by the particular values of the structure constants, which define supersymmetry,
and of the generalized metric found in the bosonic theory, needed for the Fierz-type identities
that fix the total spacetime dimension classically to 3,4,6,10. We conclude with our Prospects
for future work.
2 Lowest Dimensions
As a “review” of the bosonic formalism, in the following subsections (labeled 2.D) we
begin by presenting the simple examples of the worldvolume gauge theories generating the
F-theories corresponding to the bosonic string in D=1 and 2 spacetime dimensions; the cases
D=3 and 4 were treated in references [12, 13]. All 4 cases turn out to be chiral gauge forms
X on the d-dimensional worldvolume [14] (or their odd-d analogue in the case of D=1).
The fieldstrengths F = dX are split into (anti-)selfdual parts F (±) = (1 ± ∗)F in terms
of which the Lagrangian actions are presented in a “conformal gauge”
S = 1
2
∫
F (+) · F (−) ddσ (2.1)
in which the worldvolume metric (“ · ” denotes contraction using this metric) and Lagrange
multiplier for self-duality have been gauge-fixed. The symmetry group of the Lagrangian
description is denoted by L.
The momenta P conjugate to X are defined by P := −δS/δ
.
X. Due to the form of
the action, they are always the τ component of the fieldstrength F . Underlined lower-case
Roman indices in this section will refer to worldvolume indices (e.g., σa) in their Lagrangian
form. In their Hamiltonian form, this is reduced σa → τ, σa to a time-like parameter τ and
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the remaining d−1 worldvolume parameters σa, reducing the symmetry L → H. The action
is given in Hamiltonian form by
S = −
∫
P ·
.
X d d−1σdτ +
∫
H dτ (2.2)
in terms of the Hamiltonian H. Analogously to electromagnetism, the τ component of the
gauge field X becomes the Lagrange multiplier for the Gauß law constraint U ∼ ∂P .
In each case, the invariant currents P (P˜) are the τ components of the (anti-)self-dual
parts of the gauge fieldstrength. Due to the uniformity of the theories, these are all of the
form P = P + ηa∂
aX and P˜ = P − ηa∂aX for some invariant tensor η. Consequently, their
quantum brackets are all of the form [P(1),P(2)] = 2iηa∂
aδ. The symmetry group of these
currents and their bracket algebra is strictly larger than H; we will call it G. The P ’s and
the quantum brackets they imply are given explicitly in each case. (The groups L, H, and G
are summarized (and extended to D > 2) in table 1.)
2.1 1D String
This system results from the Hamiltonian analysis of a worldvolume gauge 1-form Xa and
a 0-form X on a worldvolume modeled on R2,1 with L = SL(2;R)-covariant fieldstrengths
F (±)a = ∂aX ± abc∂bXc. (2.3)
The momenta conjugate to X and Xa are
P =
.
X and Pa =
.
Xa + ∂aX
0, (2.4)
so that the action becomes (2.2) with Hamiltonian
H =
∫ [
1
2
P 2 + 1
2
P 2a +
1
2
(∂aX)
2 + 1
4
F 2ab +X
0∂aPa
]
d2σ. (2.5)
The τ component X0 of the gauge 1-form is the Lagrange multiplier for the Gauß law con-
straint
U = ∂aPa. (2.6)
The G = GL(2;R)-covariant currents
P := F (+)τ = P + ab∂
aXb and Pa := 0a
bF
(+)
b = Pa + ab∂
bX (2.7)
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commute with the Gauß law constraint U. Their quantum bracket algebra is
[P, P ] = 0 , [P, Pa] = 2iab∂
bδ , [Pa, Pb] = 0. (2.8)
2.2 2D String
The 2D bosonic string arises as the theory of a pair of 1-forms Xai (i = 1, 2) with
fieldstrengths Fabi = ∂[aXb]i on a worldvolume locally of the form R
2,2. We define the (anti-)
selfdual combinations (indices are raised and lowered with δij)
F
(±)
abi := Fabi ± 12CijabcdF jcd (2.9)
in terms of which the action has SO(2,2)×SO(2) symmetry. The momentum conjugate to
Xi is given by
Pai =
.
Xai + Cijabc∂
bXcj. (2.10)
This gives the H = SL(2;R)× SO(2)-invariant Hamiltonian action
H =
∫ [
1
2
P 2ai +
1
4
F 2abi +X
0i∂aPai
]
d4σ. (2.11)
The X0i component acts as a Lagrange multiplier for the Gauß law constraint
Ui = ∂
aPai. (2.12)
The covariant derivatives become
Pai := F
(+)
0ai = Pai + Cijabc∂
bXcj, (2.13)
and their quantum brackets are (ηaibjc = Cijabc)
[Pai, Pbj] = 2iCijabc∂
cδ. (2.14)
Again, we see that the H symmetry is enhanced to G = SL(3;R) × SL(2;R) in the current
algebra. This system results from the double dimensional reduction [13] of the 5-brane
theory [12] wrapped on a 2-torus: Starting with G = SL(5;R), the double reduction gives
∂a → (∂a, ∂i)→ (∂a, 0) and Pab → (Pab, Pai, CijP+)→ (0, Pai, 0).
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3 Fermions and Internals
The scalars of extended supergravities in various dimensions have long been known to
live in various coset spaces, including exceptional groups as the symmetry groups in the
higher-rank cases [15–17]. One suggestive way to incorporate this structure is to introduce
the momenta of extra dimensions as central charges gauged in the covariant derivatives [18],
as would be implied by dimensional reduction from a supergravity theory in dimensions
higher than that of string (“S-”)theory, M-theory, or even the original concept of F-theory.
We’ll refer to such much-higher-dimensional embeddings of S-theory as “F-theory”, and the
massless sectors as “F-gravity” (or “F-supergravity” when including fermions). F-gravity
has been described both with momenta vanishing in the extra embedding dimensions [19–21]
and with these momenta nonvanishing before application of “section conditions” [22,23], as a
generalization of the doubled-dimension method applied to manifest T-duality by embedding
S-theory in “T-theory” [24–26]. Often the extra dimensions are used just to incorporate the
symmetries of the scalars (and differential forms); here we concentrate on the “dual” approach
where the coset space includes the metric; in particular, this means the isotropy group is the
maximally noncompact (“split”) version, which modifies reality properties (essentially by
Wick rotation): The resulting sectioning thus includes dimensional reduction in a timelike
dimension [27]. (E.g., to relate our D=6 equations to the expressions of [18] for D=4, the
central-charge partial and covariant derivatives should be switched with those for spacetime.)
We now generalize our previous results for bosonic sectors of F-theories in lower dimen-
sions (D=3 and 4) [12, 13] by (1) including examples in even lower dimensions (described
above) for completeness, (2) including D′ “internal” coordinates Y a
′
so that all these exam-
ples represent the critical dimension D+D′=10, but with varying (D-dimensional) degrees of
U duality manifest, and (3) adding the fermionic coordinates for supersymmetry. In earlier
papers [12, 13, 28] we ignored “internal” dimensions [29–34], additional to those required to
construct the coset space for F-theory embeddings of classical superstring theories in lower
dimensions D=3,4,6. Here we generalize to S-theory in 10 dimensions, including 32 supersym-
metries via Green-Schwarz coordinates Θα, and adding the missing spacetime coordinates Y
in an “ordinary string way” as scalars on the worldvolume, in contrast with the spacetime
coordinates X implied by the coset construction, which appear as worldvolume forms with
selfdual field strengths. This allows us to consider all F-gravities treated in the literature,
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with “spacetime” dimension D=1 through 6, and internal dimension D′=10−D. (There is a
supersymmetry obstruction to considering the case D=7, related to D′=3 supergravity having
no vectors when its maximal symmetry is manifest: See the Prospects in section 10. Some
progress has been made in constructing at least the bosonic sector of the D=10 theory with
E11 symmetry [19,35].)
In the original subcritical bosonic construction, T-duality was used for the field strengths
of the worldvolume forms X to select selfdual currents defining the theory. In the present
case scalars are not dual to (pseudo)scalars, so we introduce form gauge fields Y˜ dual to
scalars Y (in the sense of Hodge duality of their field strengths), and impose selfduality of
this combination [36]. (For S-theory, where Y˜ are pseudoscalars, this doubling for selfduality
in the ordinary bosonic string action was introduced in [37, 38].) Afterwards the terms for
the dual internal coordinates Y˜ can be dropped, or the Y, Y˜ combination can be kept and
treated in the same way as the other coordinates X, using only the selfdual currents.
The symmetry structure is summarized in table 1. (GL(1) charges are not listed.) The
D d L H G P S U V W
1 3 SL(2) GL(1) GL(2) 2+1 2 1
2 4 SL(2)2 GL(2) SL(3)SL(2) (3,2) (3′,1) (1,2)
3 6 GL(4) Sp(4) SL(5) 10 5′ 5
4 11 GL(4;C) Sp(4;C) SO(5,5) 16 10 16′ 1
5 28 SU*(8) USp(4,4) E6(6) 27 27
′ 78+1 27
6 134 SU*(8)2 SU*(8) E7(7) 56 133 912 133 1
Table 1: Symmetry structure of F-theories making up the D-dimensional S-theories
D-dimensional metric and associated bosons live in the coset space G/H. (Note that HD with
half the argument = covering group of SO(D−1,1). The doubled argument necessitates Type
II, unless modified by branes/boundaries.) The remaining “scalars” live in G′/H′, where
G′D=GL(D
′) and H′D=SO(D
′). The internal coordinates Y (σ) are in the defining (vector)
representation of the internal symmetry H′D. The remaining “vectors” couple to Y -momenta
as “charges” (but we treat general dependence on X and Y coordinates). The table lists the
dimensions of the G representations of the momenta P (σ), dual to coordinates X(σ). (In the
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dual analog of maximal supergravity in D′ dimensions, the coset bosons of G/H correspond
to the scalars, the metric appears as the bosons of the coset G′/H′, and the vectors couple
to P as central charges.) Table 1 also contains the G representations of the constraints
S,U,V,W [12,13]. (The S constraint acts as the worldvolume derivatives ∂/∂σ with respect
to the coordinates σ, less τ . The W constraint is new, and is described in section 7, along
with the rest.) L is the manifest symmetry of the action, which is closely related to the
dimension d of the worldvolume.
4 Indices
There is a profusion of index types, so we give a catalog here. Besides the G/H coset space
there is also the internal (group) space H′. For the most part we’ll deal with supersymmetry,
and thus fermions, and so will use primarily spinor indices for the groups H and H′: These will
be (lower-case) Greek, respectively unprimed and primed. (Bars and dots, as well as raising
and lowering, also appear when spinor representations aren’t unique. Here dots generally
refer to complex conjugate representations, while bars just mean independent ones.)
However, for some general remarks (and when γ matrices are necessary) we’ll need vector
indices, and super indices (calligraphic Roman): For the former we use upper-case Roman
letters, with a prime for H′. (In particular, H vector indices will be used for discussing
G representations.) We also use underlined lower-case Greek for combined (H×H′) spinor
indices for the fermions. (These are the fusion of 2 spinor indices, with reduction in the
vector cases.) Also, although in spinor notation the worldvolume coordinates also carry H
spinor indices, for purposes of general discussion we’ll use lower-case Roman letters.
Thus, ignoring (a) the distinction on spinor indices from raising/lowering, bars, and dots,
and (b) reduction (by symmetrization, traces, etc.) on bispinor vector indices, we have:
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representation group index
spinor H α
H′ α′
H×H′ α = αα′
σ-vector H a = αβ
vector H A = αβ
H′ A′ = aa′ = αβα′β′
H×H′ A = A,A′ = A, a′, aa′
super H×H′ A = α,A, aα
Symmetrization ( ), antisymmetrization [ ], and their graded analogs ( ] and [ ), have coeffi-
cients ±1 for each term. (| | indicates omission of indices from the (anti)symmetrization.)
5 General
The graded quantum brackets of the current algebras are a generalization of (one hand-
edness of) those in string theory:
[.A(1), .B(2)} = fABC.C δ(1− 2) + 2iηABc ∂cδ(1− 2). (5.1)
with ∂a ≡ ∂/∂σa and δ = δd−1(σ), in terms of the structure constants f and the generalized
metric η. (String results d=2 can be obtained here and in the following by choosing “a” to
take only 1 value.) Because of selfduality, “time” and “space” components of the currents
need not be treated separately. This “metric” is essentially Clebsch-Gordan-Wigner (CGW)
coefficients relating (adjoint⊗adjoint)sym to the representation of ∂a; it has no relation to the
Cartan metric, which vanishes in flat superspace. For lower D, where X, Y, Y˜ are worldvolume
differential forms, it is the Levi-Civita tensor  for the worldvolume; otherwise it gives a
generalization of Hodge duality.
The Jacobi identities for the currents imply the usual Lie algebra Bianchi identity
f[AB|DfD|C)E = 0 (5.2)
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as well as a generalization of the (graded) antisymmetry condition of 2D current algebra (and
simple Lie algebras)
fA(B|DηD|C]c = 0. (5.3)
We also have in general at least the part of the Virasoro constraints corresponding to σ (less
τ) derivatives
Sc = 1
4
ηABc.A.B. (5.4)
The next step is to separate currents by (spacetime-engineering) dimension: The algebra
is a direct generalization of the result of [39, 40]. Then all bosonic currents are lumped
together as PA, while the fermionic ones are Dα and its “dual” Ω
aα:
{Dα, Dβ} = 2(γA)αβPA δ (5.5a)
[Dα,PA] = 2ηABc(γ
B)αβΩ
aβ δ (5.5b)
[PA,PB] = 2iηABc ∂
cδ (5.5c)
{Dα, Ωaβ} = 2iδβα ∂aδ. (5.5d)
{D,D} defines the supersymmetry transformations on the coordinates
{Dα, Dβ} = 2(γA)αβPA ⇔ δΘα = α , δXA = iα(γA)αβΘβ. (5.6)
The f “ηγ” follows from the generalized γ-matrices fαβ
A = 2(γA)αβ in {D,D} by use of the
fη antisymmetry Bianchi identity (5.3), the nonvanishing parts of the metric ηABc and
ηα
bβ
c = δ
β
αδ
b
c. (5.7)
There is also the nontrivial ff Lie identity (5.2)
[{D(α, Dβ}, Dγ)]Ω = 0 (5.8)
of S-theory and super Yang-Mills, which implies the Fierz identity
ηABc(γ
A)(αβ(γ
B)γ)δ = 0. (5.9)
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To absorb naked indices, it is sometimes more convenient to use the form
ηABc(λγ
Aλ)(λγBλ) = 0 (5.10)
where λα is an arbitrary bosonic spinor/“twistor” and the last λ is gratuitous.
The explicit dependence of this algebra on fermionic coordinates Θ is
Dα = Πα + (P̂A − iηABcΘγB∂cΘ)(γAΘ)α (5.11a)
PA = P̂A − 2iηABcΘγB∂cΘ (5.11b)
Ωaα = −2i∂aΘα (5.11c)
where
{Πα, Θβ} = δβαδ. (5.12)
For {D,D} to work, the Fierz identity (5.9) must again be satisfied. Here P̂ is a representation
of the Abelian, bosonic subalgebra (5.5c). (It commutes with Θα and Πα.) In terms of
coordinates XA, these currents appear in the manifestly selfdual combination
P̂A = PA + ηABc∂
cXB (5.13)
(effectively P + ∗dX), where
[PA, X
B] = −iδBAδ. (5.14)
Another useful representation, which eliminates the Θ2∂Θ term in D, is
Dα = Πα + PA(γ
AΘ)α − 2XAηABc(γB∂cΘ)α (5.15a)
PA = PA + ηABc(∂
cXB − iΘγB∂aΘ) (5.15b)
Ωaα = −2i∂aΘα. (5.15c)
This is a convenient starting point to generate others by the transformation
. 7→ e−O.eO , O := c
∫
XAηABcΘγ
B∂cΘ; (5.16)
Dα = Πα + [PA + cηABc(∂
cXB − iΘγB∂cΘ)](γAΘ)α − 2(1− c)XAηABc(γB∂cΘ)α
PA = PA + ηABc[∂
cXB − i(1 + c)ΘγB∂cΘ]
Ωaα = −2i∂aΘα. (5.17)
11
Supersymmetry and translations in these representations are
qα =
∫
{Πα − (γAΘ)α[PA + ηABc(c∂cXB − i(c− 23)ΘγB∂cΘ)]}
pA =
∫
[PA + i(1− c)ηABcΘγB∂cΘ]. (5.18)
Notable examples are c = 1 for our original case, and c = −1 and 2
3
to simplify P and q.
The fermions drop out of the Virasoro (5.4) constraints after applying Dα = 0:
Sc = 1
4
ηABcPAPB, (5.19)
where we have defined the dual ηABc to ηABc. A duality-covariant solution to the correspond-
ing section condition (at least for one momentum with itself) is provided by the twistors
introduced in (5.10):
ηABcpApB = 0 ⇒ pA = λγAλ (5.20)
modulo “pure spinors” λγAλ = 0, assuming the existence of a γA that satisfies the same
Fierz as γA. We can also define a (γA)αβ that combines with (γA)αβ to form generalized
Dirac-matrices that satisfy a generalization of a Dirac/Clifford algebra. We will be more
explicit about this algebra presently.
6 Branes
We now separate XA = (XA, Y A
′
) and PA = (PA,PA′). Here Y
A′ = (Y a
′
, Y˜aa′) are the
scalars and their duals and PA′ = (Υa′ ,
aa′) are the Ramond-Ramond currents Υa′ (for Y )
with partner aa
′
(for Y˜ ) [41]. The algebra then expands out to
{Dα, Dβ} = 2(γA)αβPA δ + 2(γa′)γ(α(0a′)β)γ δ (6.1a)
[Dα, PA] = 2ηABc(γ
B)αβΩ
cβ δ (6.1b)
[Dα, Υa′ ] = 2(Γbγa′)(αβ)Ω
bβ δ (6.1c)
[Dα,
aa′ ] = 2(γa
′
)αβΩ
aβ δ (6.1d)
[PA, PB] = 2iηABc ∂
cδ (6.1e)
{Dα, Ωbβ} = 2iδβα ∂bδ (6.1f)
[0a′ ,0b′ ] = 2iηa′b′∂/δ ([Υa′ ,
bb′ ] = 2iδb
′
a′ ∂
bδ). (6.1g)
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where Υ and have been combined into
0a′ = Υa′I +
a
a′Γa (6.2)
corresponding to
δ
β
α(
.
Y a′ + ∂
aY˜aa′) + (Γa)α
β(
.
Y˜ aa′ + ∂
aYa′) (6.3)
in the Lagrangian. We also have
ηa′
bb′
c = δ
b
cδ
b′
a′ . (6.4)
While γa′ are the usual vector γ-matrices for SO(D
′), γA and Γa are more general CGW
coefficients for more general groups. They are related by an Dirac/Clifford-like equation
(γA)αγ(γ
B)γβ + (γB)αγ(γ
A)γβ = 2ηABc(Γc)α
β. (6.5)
Equivalently, we can define
(Γ0)α
β = δα
β and (Γc)α
β = 12γ
A
αγγ
BγβηABc. (6.6)
(As described earlier, the spinor space is a direct product of a worldvolume space on which
γA and Γa act, and an internal space acted upon by γ
a′ .) The Fierz identity (5.9) is now
ηABc(γ
A)(αβ(γ
B)γ)δ + (Γcγa′)(αβ(γ
a′)γ)δ + (γ
a′)(αβ(Γcγa′)γ)δ = 0. (6.7)
Due to the mixed first/second-class constraints D = 0, the S constraint reduces to
Sc = 1
4
ηABcPAPB +
1
2
cc′Υc′ . (6.8)
7 Constraints
First-quantized relativistic theories (particles, strings, etc.) are completely defined by
their constraints. The constraints U, V, . . . (and the corresponding dimensional reduction
and section conditions obtained by replacing currents with 0-modes) can be found from S
(6.8) by the method described in [13]. (They can also be derived from the action: For
example, U is Gauss’s law.) To obtain U we take the difference
Sa − S˜a = (∂aXA)PA + O(U). (7.1)
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The left-hand side of this equation gives the combination ηCAaηCBb(∂
bXB)PA for the X term
whereas we require the first term on the right-hand side to be δABδ
a
b . Defining the difference
UAaBb := δ
A
Bδ
a
b − ηCAaηCBb, (7.2)
we find that the constraint is
UaB := U
Aa
Bb ∂
bPA. (7.3)
(For example in three dimensions UAcBd = U
[a1a2]c
[b1b2]d
∝ δ[a1d δa2][b1 δcb2] so that UaB = Ua[b1b2] = δa[b1∂cPb2]c
which is equivalent to Ua = ∂
bP[ab] [12]. Similarly, we obtain for the Y terms the tensor
U bb
′ d
aa′ c = δ
b′
a′δ
[b
a δ
d]
c and Ub aa
′
= ∂[bP a]a
′
; in a Hamiltonian action, Y˜abb′ is the Lagrange multi-
plier.)
At this point, we have that UaB =
1
2
UAaBb ∂
b(.A + .˜A). We can then define V by U∂(.−
.˜) = O(V). The left-hand side evaluates to UAaBb ∂b(.A − .˜A) = UAaBb ηACc∂b∂cXC so that
VaAB :=
1
2
V aAB cd ∂
c∂d with V aAB cd := U
Ca
A(c ηCBd). (7.4)
Expanding this out, we see that VaAB = V
a
BA is symmetric. (For D ≤ 3, there are no invariant
tensors in the proper representation of G so that in this case V = 0. For D=4, G = Spin(5, 5)
so that V eAB cd = (Γ
e)ABηcd giving V
e
AB = (Γ
e)ABV with singlet V =
1
2
ηcd∂
c∂d.)
Finally, there is another constraint for D ≥ 6. To see this, we recall that the requirement
(7.1) arises from the closure of the C-bracket since
[V A1 .A, V B2 .B] = 2iηABc∂cδ V A1 V B2 − iδ
[
V C[1 ∂CV
D
2] − 12ηABeηCDeV A[1 ∂CV B2]
]
.D (7.5)
only up to U constraint (and second class constraints). The truncation of the C-bracket
(7.5) to massless fields results in the exceptional-and-“doubled” geometry bracket. Thus,
the massless truncation of this structure must reproduce the geometry associated to the
homogeneous spaces En(n)/Hn for each rank n. In particular the C- and D- brackets should
reduce to the exceptional Courant and Dorfman brackets worked out in references [22,23].
Matching up with the Y tensor of reference [23] requires that it be equal to ηABeη
CDe up
to terms that vanish by constraints. Thus U suffices for D≤5 (as we have found above) but
for E7(7), there is an additional term of the form CABC
CD in the Y tensor where C is the
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Sp(56;R) invariant. This vanishes provided CAB∂AfPB vanishes modulo constraints. This,
in turn, is implied by the existence of the singlet constraint
W := CAB .A .˜B. (7.6)
The various constraints can then be applied to section both spacetime and the worldvol-
ume to reduce F-theory to M, T, and S-theory:
F
S↙ ↘ U,V
M T
↘ ↙
S
For D < 6, the constraints take the form (cf. ref. [13])
Virasoro Sc = 1
4
ηABcPAPB
dimensional
reduction
◦
Sc := ηABcpAPB U
a
B = U
Aa
Bb ∂
bPA
section
condition
S
◦
c := ηABcpApB U◦
a
B := U
Aa
Bb ∂
bpA V
a
AB = V
a
AB cd ∂
c∂d
where p is the 0-mode of P . For D ≥ 6, the W constraint (and possibly others) must be
incorporated. We leave the analysis of these higher-dimensional cases for future work.
8 Cases
Fermionic currents D are in representations of H×H′; bosonic currents P are in represen-
tations of H, Υ in representations of H′; they are all spinor⊗spinor:
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D d L H H′ D P Υ ∂
1 3 SL(2) GL(1) SO(9) 16+16 1+1+1 9 1+1
2 4 SL(2)2 GL(2) SO(8) (2,8)+(2,8′) 3+3 8v 3
3 6 GL(4) Sp(4) SO(7) (4,8) 10 7 5
4 11 GL(4;C) Sp(4;C) SU(4) (4,4)+(4¯,4¯) 4⊗4¯ 6 5+5¯
5 28 SU*(8) USp(4,4) USp(4) (8,4) 27 5 27
6 134 SU*(8)2 SU*(8) SU(2)2 (8;2,1)+(8′;1,2) 28+28′ (2,2) 70+63
(The bosonic current is partly ̂ = ∂Y , so in the H representation of ∂ and the H′ vector
representation. Similarly, the fermionic current Ω = −i∂Θ is in the unreduced representation
of ∂ ⊗ the dual to D.) In index notation:
D Dα PA Υa′ ∂
a
1 ±α′ + , − , 0 (α′β′) + , −
2 αα′ , αα¯′ (αβ) , (αβ) α′β¯′ (αβ)
3 αα′ (αβ) [α′β′] 〈αβ〉
4 αα′ , .α
α′
α
.
β [α
′β′] 〈αβ〉 , 〈 .α
.
β〉
5 αα′ 〈αβ〉 〈α′β′〉 〈αβ〉
6 αα′ ,
αα¯′
[αβ] ,
[αβ]
α′
β¯′ [αβγδ] , α
β
Primed Greek indices are (irreducible) SO(D′) = SO(10−D) spinor indices. Unprimed Greek
indices are the same for HD, which are the same as for SO(D−1,1) except for double the range
(see previous table); thus there is some symmetry between PD and Υ10−D. γ matrices and η’s
(H) are all Kronecker δ’s since spinor notation is used for P ; γ′ matrices are also except for
D < 4 (D′ > 6), where the usual matrices are needed. (Upper-case Roman indices are vector
indices.) γ’s and η’s are all just CGW coefficients for D ⊗D → P ⊕ Υ and P ⊗ P → S and
so carry the indices indicated above.
The anticommutation relations {D,D} are (where the equation number (8.D) labels the
dimension D):
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{D±α′ , D±β′} = 2P±(α′β′)
{D+α′ , D−β′} = 2P0(α′β′) (8.1)
{Dαα′ , Dββ′} = 2δabP(αβ)
{Dαα¯′ , Dββ¯′} = 2δα¯β¯P¯(αβ)
{Dαα′ , Dββ¯′} = 2CαβΥα′β¯′ + 2 (αβ)α′β¯′ (8.2)
{Dαα′ , Dββ′} = 2δα′β′P(αβ) + 2CαβΥ[α′β′] + 2 〈αβ〉[α′β′] (8.3)
{Dαα′ , Dββ′} = CαβΥ[α′β′] + 〈αβ〉[α′β′]
{D¯ .αα
′
, D¯ .
β
β′} = C¯ .
α
.
β
Υ [α
′β′] + ¯〈 .α
.
β〉
[α′β′]
{Dαα′ , D¯ .β
β′} = δβ′α′Pα .β (8.4)
{Dαα′ , Dββ′} = 2Cα′β′P〈αβ〉 + 2CαβΥ〈α′β′〉 + 2 〈αβ〉〈α′β′〉 (8.5)
{Dαα′ , Dββ′} = 2Cα′β′P[αβ]
{Dαα¯′ , Dββ¯′} = 2Cα¯′β¯′P [αβ]
{Dαα′ , Dββ¯′} = 2δβαΥα′β¯′ + 2 αβα′β¯′ . (8.6)
(Factors of δd−1(σ) on the right-hand side are implicit. We use conventions where commuta-
tors in a real basis introduce a factor of 2, but not in a complex basis, as in {γ, γ} = 2 but
{a, a†} = 1. The symmetrizations aren’t intended to introduce extra factors of 2, but only
as reminders of the symmetries. Explicit γ′ matrices for H′=SO(7,8,9) have been omitted.)
For D=1 we combined X and (Y, Y˜ ), thus P and (Υ, ) (so H′=SO(9,1)), since in that case
they’re the same types of fields. These anticommutators have the interesting feature that
they look exactly like those for (simple and extended) super Yang-Mills in the corresponding
dimensions (at least for D>1) if we take Υ as the scalars and set =0 except for the fact
that the spinor indices α have twice the range.
The symmetry is increased for the corresponding superparticle algebra (i.e., ignoring η)
by again combining Υ and into 0 (6.2). The result is
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{Dαα′ , Dββ′} = 2P(αβ)(α′β′) (8.7)
{Dαα′ , Dββ′} = 2δα′β′P(αβ)
{Dα¯α¯′ , Dβ¯β¯′} = 2δα¯′β¯′P(α′β′)
{Dαα′ , Dβ¯β¯′} = 20αβ¯α′β¯′ (8.8)
{Dαα′ , Dββ′} = 2δα′β′P(αβ) + 20[αβ][α′β′] (8.9)
{Dαα′ , Dββ′} = 0[αβ][α′β′]
{D¯ .αα
′
, D¯ .
β
β′} = 0
[
.
α
.
β]
[α′β′]
{Dαα′ , D¯ .β
β′} = δβ′α′Pα .β (8.10)
{Dαα′ , Dββ′} = 2Cα′β′P〈αβ〉 + 20[αβ]〈α′β′〉 (8.11)
{Dαα′ , Dββ′} = 2Cα′β′P[αβ]
{Dα¯α¯′ , Dβ¯ β¯′} = 2Cα¯′β¯′P [α¯β¯]
{Dαα′ , Dβ¯ β¯′} = 20αβ¯α′β¯′ . (8.12)
This has allowed us to generalize the group H to the group L for {D,D} (except for
D=5) as indicated in the above tables. (When including the dual form Y˜ , Υ and are the
currents for Y and Y˜ , so combining them is natural: The transverse part of an n-form and
the transverse part of the dual form combine into a full (n+ 1)-form.)
9 Fierz
In the previous section we listed all the components of (γA)αβ for all cases D = 1, . . . , 6.
We now give all the components of ηABc; between the two, the complete algebra is determined.
The former was given by {D,D} (superparticle), the latter is given by [P,P] (bosonic F-
theory):
[P0a′ , P±b′ ] = ±2iδa′b′∂± (9.1)
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[Pαβ, P¯
γδ] = 2iδ
(γ
(α∂β)
δ)
[Υa′ , αβb′ ] = 2iδa′b′∂αβ (9.2)
[Pαβ, P
γδ] = 2iδ
(γ
(α∂β)
δ)
[Υa′ , αβb′ ] = 2iδa′b′∂αβ (9.3)
[P
α
.
β
, P
γ
.
δ
] = 2i(Cαγ ∂¯ .β
.
δ
+ C¯ .
β
.
δ
∂αγ)
[Υα′β′ , ¯ .α
.
β
γ′δ′ ] = iδγ
′
[α′δ
δ′
β′]∂¯ .α
.
β
[Υα
′β′ , αβγ′δ′ ] = iδ
α′
[γ′δ
β′
δ′]∂αβ (9.4)
[Pαβ, P
γδ] = 2iδ
〈γ
〈α∂β〉
δ〉
[Υα′β′ , αβ
γ′δ′ ] = 2iδγ
′
〈α′δ
δ′
β′〉∂αβ (9.5)
[Pαβ, P
γδ] = 2iδ
[γ
[α∂β]
δ]
[Pαβ, Pγδ] = 2i∂αβγδ
[Pαβ, P γδ] = 2i∂αβγδ
[Υα′β˜′ , α
β
γ′δ˜′ ] = 2iCα′γ′Cβ˜′δ˜′∂α
β
[Υα′β˜′ , αβγδ,γ′δ˜′ ] = 2iCα′γ′Cβ˜′δ˜′∂αβγδ, (9.6)
again with equation (9.D) corresponding to dimension D. (We have again omitted the δ’s,
on which ∂ acts, and used real/complex conventions for factors of 2. Missing commutators
vanish.)
The consistency of the above constructions leaves only the Fierz identity (5.9) to be
checked. (It may be computationally simpler to check the Jacobi (5.8) directly, or the {D,D}
commutator (5.5a) in some representation, especially (5.15a). The twistor representation
(5.10) is also useful.) This restricts Dtot=D+D
′ = 3,4,6,10. The simplest example is D=1,
which has the Fierz identities
δa′b′ (γ
±a′)(±α′±β′(γ0b
′
)±γ′)∓δ′ = 0. (9.7)
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After making the identifications
(γ0a
′
)±α′∓β′ = (γ±a
′
)±α′±β′ = (γa
′
)α′β′ , (9.8)
this gives the standard Fierz for the above dimensions
(γa′)(α′β′(γ
a′)γ′)δ′ = 0. (9.9)
Since all spinor indices are the same, this would require Type IIB. But if we return to the
X ⊕ Y separation, where H′=SO(Dtot−1), there is no IIA/B distinction.
For D=2, one obtains directly the Fierz identity for SO(D′) in D′=1,2,4,8
(γa′)(α′|β˜′(γ
a′)|γ′)δ˜′ = 2δα′γ′δβ˜′δ˜′ (9.10)
which follows from the previous equation (9.9) upon reduction by 1 space and 1 time dimen-
sion:
a′ → (±, a′) , α′ → (α′, α˜′) ; (γ+)α′β′ → δα′β′ , (γ−)α′β′ → δα˜′β˜′ ,
(γa
′
)α′β′ →
(
(γa
′
)α′β˜′ , (γ
a′)β′α˜′
)
. (9.11)
(In D′=8 it’s related to {γ, γ} = 2I by triality. The usual identities with spinor indices are
used in performing manipulations. Or one can notice that the equations have no traceless
pieces, and therefore take all possible traces that reduce to equations with at least one term
with no δ nor C.)
For D=3, the direct result is
(γa′)(α′|β′(γa
′
)|γ′)δ′ = 2δα′γ′δβ′δ′ − δβ′(α′δγ′)δ′ (9.12)
which follows from the D=2 result (9.10) upon reduction by 1 space dimension:
a′ → (−1, a′) , α′ → α′ , α˜′ → α′ ; (γ−1)α′β′ → δα′β′ , (γa′)α′β˜′ → (γa
′
)[α′β′]. (9.13)
It’s satisfied in D′=0,1,3,7.
For D=4, one finds
(γa′)α′β′(γ¯
a′)γ
′δ′ = δγ
′
[α′δ
δ′
β′]. (9.14)
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This is satisfied for D′=0,2,6, corresponding to the range of α′ being 1,2,4: For 0, trivially 0=0.
For 2, trivially 1=1, for 1 complex dimension. For 6, a vector is an arbitrary antisymmetric
tensor, satisfying a reality condition using abcd. This follows from dimensional reduction as
a′ → (−1, a′) , α′ → (α′ , α′) ; (γ−1)α′β′ → (δα′β′ ,−δβ
′
α′) ,
(γa
′
)α′β′ →
(
(γa
′
)[α′β′], (γ¯
a′)[α
′β′]
)
. (9.15)
As noted for {D,D} (8.D), the Fierz identities appear in the same way as in the various
super Yang-Mills theories in D dimensions after reduction to internal spinor indices, in spite
of the fact that the starting point (5.9) involves a different “metric”. This isn’t too surprising
considering that F-theory reduces to S-theory, which has the same identities for each chirality.
10 Prospects
The current superalgebra + constraints we have described are sufficient to give a Hamil-
tonian formulation of F-theory (0-modes and excitations). A straightforward application is
to massless backgrounds. This would give directly the U-covariant form of the field equations
(torsion and curvature constraints) for F-supergravity in F-superspace. A related problem is
to consider such backgrounds for specific solutions, such as AdS5×S5.
The twistor solution to the section condition suggests a new formulation of F-supergravity
where U-duality is manifest even after sectioning. Perhaps this approach could be extended
to the non-0-modes. The appearance of pure spinors as gauge parameters for the twistors
may then imply a natural explanation for their appearance elsewhere in superstring theory
as first-quantized ghosts.
In future papers we plan to elaborate on the cases D=5,6. For D=7, some conceptual
problems must first be solved: P is expected to form the 248 representation of E8 (G for
that case), while D is in the 16⊕16 of SO*(16) (H). But {D,D} can give only 1, 120, and
135 of SO*(16), while the 248 decomposes into the adjoint 120 and spinor 128: There is
no way to get a spinor (128) from vectors (16). (Also, the next largest representation of E8
is the 3875, and {D,D} has only 528 components.)
Another goal is to give the Lagrangian formulation of the supersymmetric theories, as
we have for the bosonic ones. One problem that has not been addressed is the inclusion of
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the remaining Virasoro operators T, associated with τ development. (We have given only S,
corresponding to ∂/∂σ.) This is directly related to several other omissions: the worldvolume
metric field, which couples to T (and how a “conformal gauge” can be chosen for it), and
κ symmetry (which closes on T as well as S). A better understanding of the D constraint
might resolve this issue since κ symmetry is a first-class subset of these mixed first and
second-class constraints, and because for maximal supersymmetry the massless background
for D’s current algebra necessarily satisfies the (superspace formulation of F-)supergravity
field equations.
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